We consider three different continuum polymer models, that all depend on a tunable parameter r that determines the strength of the excluded-volume interactions. In the first model chains are obtained by concatenating hard spherocylinders of height b and diameter rb (we call them thick selfavoiding chains). The other two models are generalizations of the tangent hard-sphere and of the Kremer-Grest models. We show that, for a specific value r * , all models show an optimal behavior: asymptotic long-chain behavior is observed for relatively short chains. For r < r * , instead, the behavior can be parametrized by using the two-parameter model that also describes the thermal crossover close to the θ point. The bonds of thick self-avoiding chains cannot cross each other and, therefore, the model is suited for the investigation of topological properties and for dynamical studies. Such a model also provides a coarse-grained description of double-stranded DNA, so that we can use our results to discuss under which conditions DNA can be considered as a model good-solvent polymer.
I. INTRODUCTION
In the last decades, a significant advancement in the theoretical understanding of polymeric systems has been possible thanks to the combination of simulative approaches [1], scaling arguments, and renormalization-group calculations [2] [3] [4] [5] [6] . Most of the large-scale dynamic and static properties of synthetic homopolymers over a wide concentration range have been shown to be universal: the predictions of coarse-grained polymer models, often with only little connection to realistic systems, describe quite accurately the extensive experimental data collected from scattering, osmometric, and rheological experiments on chemically very different polymer solutions. This very successful approach has been applied to homopolymers of different topology and also extended to biopolymers; see, e.g., [7] [8] [9] .
The physical appeal of the universal scaling picture relies on the possibility of formulating predictions invoking only a limited number of explanatory microscopic variables often connected to, and hence inferable from, experimentally accessible properties. For instance, the thermal crossover observed in dilute polymer solutions is typically parametrized using only a suitable combination of a microscopic excluded-volume parameter, expressing the average strength of the solvent-mediated monomer-monomer interaction, and the degree of polymerization [2, 3, 5, 6] . This absence of tight constraints in the physical schematization of polymers has determined over the years the use, both in theory and simulations, of widely different coarse-grained chain models. Popular instances are the lattice self-avoiding walk model, the tangent hard-sphere (sometimes also named pearl-necklace) model [10, 11] and the Kremer-Grest [12] model. It is important to stress that only the large-scale behavior is universal, i.e., the behavior on length scales of the order of the radius of gyration R g or of de Gennes correlation length ξ [2] , when they are significantly larger than any microscopic scale. Therefore, universality holds for long polymers in the dilute and semidilute regimes, but not for melts, in which the characteristic polymer length scales are in the microscopic domain (although in this case some scaling laws still hold). The universal behavior observed in the dilute and semidilute regimes can be rationalized using renormalization-group arguments, thanks to the de Gennes mapping [2, 5, 13 ] of a polymer system onto a spin model, whose critical behavior is by now very well understood [14] [15] [16] .
While universality is well established for the thermodynamic behavior of polymer solutions, the universality of the polymer dynamics is less clear. On general principles, one would expect a universal behavior on large time scales, i.e., for t τ 0 , where τ 0 is the Kuhn monomer relaxation time, which can be understood using the standard renormalization-group tools [17] [18] [19] [20] [21] . However, any physical dynamics should include the condition of bondnoncrossability, which represents a nonlocal dynamical constraint. In the dilute regime, in which different polymers do not overlap, this constraint should not be crucial and thus universality is expected to hold. In the semidilute regime, the role of the constraint is less clear as polymers strongly overlap, although there is no entanglement as the monomer density is vanishingly small.
It must be noted that, although all models exhibit the same asymptotic behavior for a large number of monomeric units, when relatively short chains are used, they deviate systematically from each other, leading to a serious issue of interpretability of the results. A brute-force numerical solution of the problem consists in simulating long chains, which can be done quite efficiently for single isolated chains using clever algorithms developed in the years, see, e.g., [22, 23] . This is not feasible in finite-density simulations, in which typically the chain length never exceeds a few hundred monomeric units, making the quantitative comparison of different models rather difficult. For this reason, in the last years models rapidly approaching the universal large degree-of-polymerization limit have been proposed, see, for instance, [24] [25] [26] [27] [28] . Alternatively, a number of first-principle coarse-grained approaches have been devised [29] [30] [31] [32] [33] [34] [35] [36] , which reduce the complexity of the system by integrating out the short-scale degrees of freedom. Unfortunately, all these proposals, because of the lack of bond non-crossability, cannot be easily employed in dynamical studies (see [37] for an algorithmic way out), in which the topology or the concatenation properties of a chain must not change under any physical local dynamics. Beside the determination of polymer dynamical properties, this also represents a serious issue when looking at the knotting properties of macromolecules, which have gained a considerable attention in the last years [38] [39] [40] [41] [42] [43] [44] .
In this paper we wish to develop continuum polymer models that rapidly approach the universal scaling limit and that can, therefore, be used to investigate the thermodynamic properties of polymer solutions with a limited computational effort. It is important to note that the optimal interaction is obtained by studying the length dependence of specific observables for linear chains. However, the universality of subleading-amplitude ratios, which has been extensively verified in the context of spin systems [15, 16, 45] , indicates that the cancellation of the leading finite-length corrections only depends on the specific nature of the interactions, while it is independent of the specific observable one is considering. Moreover, extensive numerical studies show that these finite-length corrections are not related to the polymer topology, and are always controlled by the same renormalization-group operator; for instance, the length dependence is specified by the same exponent ∆ [46] [47] [48] [49] , which takes the value [50] ∆ ≈ 0.53. Therefore, an optimal interaction for linear chains is also optimal when considering other types of polymer conformations. For star polymers this was explicitly verified in [48, 49] . It should be noted that, for cyclic chains, renormalization-group theory guarantees the optimality of the models only if averages are taken over all chains, independently of the knot type. If one considers instead polymers of fixed knot type, the behavior is less clear, as new corrections might appear. This issue deserves additional investigations. The models we consider are also relevant for studies of mixtures of polymers and other nanoparticles, although in this case a fast convergence is only obtained by additionaly tuning the polymer-nanoparticle interactions [27] .
We will discuss three different models. First, we analyze the thick self-avoiding chain [51] [52] [53] [54] [55] [56] [57] [58] , which has been studied at length in the past as a minimalistic model for double-stranded DNA filaments [51] [52] [53] . Specifically, we determine the optimal thickness for which, under good-solvent (GS) conditions, the universal large degree-of-polymerization limit can be obtained for relatively short chains. As a byproduct of the calculation, we also determine the thickness crossover of the model, characterizing quantitatively the region between the ideal-chain limit and the GS behavior. The resulting behavior can be considered as representative of the one observed for DNA chains under various electrostatic screening conditions [52] , at least in those cases in which the size of the chain is somewhat larger than the persistence length.
We also consider two popular models, often used to study the behavior of polymer solutions, the tangent hard-sphere model [10, 11] and the Kremer-Grest [12] model. We show that both of them exhibit very strong scaling corrections, so that results depend significantly on the number of monomers used. Both models can be easily generalized so that, by tuning a single parameter, one can obtain an optimal model, which approaches the asymptotic limit for small contour lengths. However, in the resulting optimal models bonds can cross each other. Therefore, they cannot be straightforwardly used in dynamical studies and whenever topology and concatenation are important.
The paper is organized as follows. In Sec. II we define the thick self-avoiding chains and discuss their relation with the models used in the description of double-stranded DNA and in the mathematical knot literature [51] [52] [53] [54] 56] . The thickness crossover and the behavior close to the GS regime are analyzed in Secs. III and IV, respectively. In Ref. V we extend the previous results to the tangent hard-sphere [10, 11] and to the Kremer-Grest [12] models. Finally, in Sec. VI we draw our conclusions. In the Appendix we compute the asymptotic expansion of an integral useful for the discussion of the Kremer-Grest model.
II. THICK SELF-AVOIDING CHAINS
We consider here a polymer model that has often been used to describe double-stranded DNA at a coarse-grained level [51] [52] [53] . A polymer with L monomers is modelled as a chain made by L−1 spherocylinders, see Fig. 1 . Specifically, a chain is defined by L points {r 1 , . . . , r L } such that the distance between subsequent units is fixed, i.e., |r i −r i−1 | = b. Excluded volume effects are accounted for by treating each segment connecting two successive points as the axis of a spherocylinder, i.e., of a hard cylinder of height b and diameter (thickness) d, capped by two half spheres of radius d/2. Because of their steric encumbrance, nonadjacent spherocylinders cannot overlap. This condition is easily verified numerically, checking whether the minimum distance r min between the axes of the two cylinders satisfies r min > d. Such distance can be computed using the fast algorithm of [59] . Successive spherocylinders can instead partly overlap. In the limit d → 0 the excluded-volume constraint disappears and we obtain a freely-jointed chain. The model we consider is very similar to that considered in the mathematical knot literature, see, e.g., [54, 56, 58] . The main difference concerns the local constraint between two successive units. A model that generalizes ours and that of [54, 56, 58] is obtained as follows. We define e i = r i+1 − r i and the angle φ i (0 ≤ φ i ≤ π) as
A more general model is obtained by requiring φ i < φ 0 , for some fixed φ 0 . In our model, the excluded volume requirement for nonadjacent spherocylinders implies |r i − r i−2 | > d, so we have φ 0 = π − 2 arccos(d/2b). The model of [54, 56, 58] differs only in the value of φ 0 : they take φ 0 = π − 2 arccos(d/b). Thick self-avoiding chains provide a coarse-grained model for double-stranded DNA, where b may be identified with the Kuhn length [60] l K (l K is twice the persistence length), while d is an effective thickness, that depends on the amount of salt (pH) present in the solution [52, 53] . In principle, by tuning the angle φ 0 defined above, we can also obtain a more accurate description in which b < l K and each spherocylinder represents a shorter DNA segment. Alternatively, one can introduce a bending energy E b = α i (1 − cos φ i ), as in [51] [52] [53] , depending on a bending parameter α.
Depending on the value of d, finite-length polymers can exhibit a different behavior. For small values of the thickness d, i.e., for very small excluded-volume interactions, the behavior is very similar to that of θ-point chains. As d increases, excluded-volume interactions become more effective, and therefore the behavior becomes gradually closer to that expected for a GS polymer. Therefore, the thickness d plays the same role as that of the temperature T in the analysis of the thermal crossover between the θ and the GS regime of homopolymer solutions. In that context, solvent quality is usually parameterized by using the Zimm-Stockmayer-Fixmann variable [61] 
, where T θ is the θ temperature. The θ behavior is observed for z ≈ 0, while the GS regime is reached in the limit z → ∞. We will show here that an analogous quantity can be defined for thick chains, replacing the temperature difference with an appropriate function of d. This allows us to map the crossover due to the change of the steric encumbrance on the standard thermal crossover, for which a wealth of theoretical and numerical results are available [5, 6, [62] [63] [64] .
To study the crossover, we perform Monte Carlo simulations of isolated chains for values of d/b ranging from 0.0125 to 0.7 and polymer lengths L from 250 to 8000. We use a continuum generalization of the pivot algorithm [65] , implementing the Kennedy algorithm [66] to speed up the self-intersection check. We compute the second virial coefficient [90] B 2 and the radius of gyration R g . Then, we consider the universal combination A 2 = B 2 R −3 g , which vanishes in the noninteracting case (d = 0) and takes the value [26, 27] A 2,GS ≈ 5.501 for polymers under GS conditions. The interpenetration ratio Ψ often used in the experimental literature is defined [5, 6, 62] as Ψ = freely jointed (ideal) chain of L sites:
III. THICKNESS CROSSOVER
In Fig. 2 we report the second-virial combination A 2 versus the thickness d. The observed behavior is completely analogous to that observed in experimental systems (see, e.g., [67] and the recent reanalysis presented in the supplementary material of [68] ) or in Monte Carlo simulations of polymer models [69] , once we replace d/b with T − T θ . At fixed d = 0 the estimates of A 2 converge to the GS value as L → ∞, with discrepancies that increase as d decreases towards zero. For d/b ≈ 0.27 we obtain GS behavior even for small values of L. For d/b ∼ < 0.27 the approach to the GS value is from below, while for larger values of d/b the finite-L estimates are larger than the asymptotic value. Finite-length corrections to the GS behavior are therefore both positive and negative, a phenomenon well documented in the thermal case [6, 70] .
It is also interesting to discuss how the size of the chain changes with L for different values of d/b. For this purpose, 
1/2 and report the corresponding TPM predictions [we use Eqs. (5) and (6)]. we define an effective Flory exponent ν eff ,
In the good-solvent limit we should find ν eff = ν GS , where ν GS is the universal good-solvent exponent, which is known with high accuracy [50] : ν GS = 0.587597 (7). In Fig. 3 we report ∆ν = ν eff −ν GS for several pairs (L 1 , L 2 ). The results are analogous to those shown in Fig. 2 . For d/b < 0.27, the effective exponent is smaller than ν GS and increases toward the good-solvent value as L 1 and L 2 increase. For d/b > 0.27 the opposite occurs, while for d/b ≈ 0.27, the radius of gyration scales quite precisely as L ν GS . We will now show that the crossover for d/b ∼ < 0.27, interpolating between ideal and GS behavior, can be parametrized by using the standard two-parameter model (TPM) scaling functions [5, 6, 62] . For this purpose we define the scaling variable z as
, where the excluded-volume parameter v(d/b) is identified with [71] the adimensional microscopic virial coefficient-the one associated with the interaction of two isolated monomers. For pairs of identical spherocylinders we have [72] [73] [74] 
The constant a is fixed by the convention that Ψ ≈ z for z → 0. In order to determine a, we performed simulations for small values of z for L = 1000, corresponding to values of A 2 in the interval 0.5-1.5. We finally fitted the results (they are reported in Table I ) to the accurate TPM expression of [63] :
We find a ≈ 0.647 (2) . As a consistency check we can compare the estimated α g with the TPM prediction [63] ,
The results are reported in Table I : deviations are small, of less than approximately 1%.
In Fig. 4 we compare the TPM crossover curves with the whole set of Monte Carlo data. The results for A 2 are well reproduced up to A 2 ≈ 5, while larger discrepancies are observed for the swelling ratio, a phenomenon already observed in the analysis of the experimental data [67, 68] , which is due to the fact that the corrections to the GS behavior increase as z → ∞.
A more detailed check is presented in Table II . Here we consider five different values of z such that A 2,T P M (z) is 1,2,3,4,5, respectively, and several values of L. For each z and L, we compute the corresponding value of d/b. Then, we perform simulations of chains of length L with the computed d/b. As it can be seen from Table II, results show only a tiny dependence on L. Moreover, the extrapolated large-L values are consistent with the TPM predictions, both for A 2 and for the swelling ratio. Only in one case, the result for α Table II ) of data at fixed z and the TPM predictions from [63] . In the inset we report [24, 63, 75 we do not use the result for L = 250, the extrapolated value becomes 2.190(7), which is closer to the TPM estimate) and to the inaccuracy of Eq. (6)-the interpolation should be accurate at the level of a few percent.
It is important to stress that, if we change the model by considering a different value of φ 0 (the parameter that controls the interaction of two successive spherocylinders) or by adding a bending energy as in DNA models, only the constant a entering the definition of z changes. The TPM describes the crossover behavior of any large-scale quantity for any model parameter, provided the constant a is appropriately chosen.
To verify the correctness of our parametrization of the steric crossover, we consider two other quantities, which characterize the intermolecular structure of a polymer solution in the dilute regime. We compute the effective centerof-mass two-body and three-body potential [29, 76] . In Fig. 5 we report our results for five different values of d/b chosen so that A 2,T P M (z n ) = n (the same values of z considered in Table II ) and compare them with those obtained in [64] , using the lattice Domb-Joyce model [75] . We observe a very good agreement, confirming that we have correctly identified the scaling variable z. In Fig. 6 we show the corresponding three-body center-of-mass potentials, which, as expected, converge to zero as z goes to zero. Again, they agree with those obtained by using the lattice Domb-Joyce model [77] . Fig. 5 . In the main frame, the lines going through the points are only meant to guide the eye. The data labelled "SAW" in the inset were obtained in [77] by using the lattice Domb-Joyce model.
IV. GOOD-SOLVENT BEHAVIOR AND OPTIMAL MODEL
In the previous section we have discussed the crossover behavior for small values of d, up to d/b ≈ 0.27, where GS behavior is observed even for small values of L. We wish now to focus on the behavior close to this value of d. In general, for large values of L, any generic large-scale adimensional quantity A, which depends on L and d, behaves as
where A GS is universal, i.e., independent of d. [45] . Finite-length corrections represent the main obstacle for a precise determination of the leading, universal behavior under GS conditions. However, one can exploit the model dependence of the corrections to identify optimal models for which the leading scaling corrections vanish. In our case, we wish to determine the value d * of the thickness parameter, for which the leading scaling corrections vanish. Note that, if a 1,A (d * ) = 0 for a given observable A, the universality of the amplitude ratios implies that a 1,B (d * ) = 0 for any other observable B.
fixing A 2,GS = 5.500, ∆ = 0.528 and ∆ 2 = 1. We repeat the procedure for several values of b in the interval 0.25
where the error takes into account the variation of the estimates if ∆ varies by [50] 0.012 and ∆ 2 by 0.1. We have then performed simulations for such a value of d/b. The results reported in Table III completely confirm the analysis. It is important to note that the estimate of d * /b is strictly model dependent, and therefore a different result would be obtained if the model is changed by adding, for instance, a bending interaction term or by considering a different value for the parameter φ 0 that controls the interaction between two adjacent spherocylinders.
To verify that the leading scaling corrections are absent in any observable for d/b ≈ 0.275, we consider other observables. First, we check that the radius of gyration scales as L ν GS with tiny corrections. If we use the numerical result R g = 20.882(4) for L 1 = 1000 and [50] ν GS = 0.587597, we predict for L 2 = 100
which is in excellent agreement with the direct numerical estimate R g (L 2 ) = 5.3901 (4) . At the optimal value of d/b, the scaling R g ∼ L ν GS holds therefore with a 0.1% error already for L = 100. As an additional check, we have measured some adimensional quantities related to the polymer shape. If λ 1 ≤ λ 2 ≤ λ 3 are the eigenvalues of the gyration tensor, we consider [78] [79] [80] the asphericity A sph
and the ratios L 12 = λ 2 / λ 1 , L 13 = λ 3 / λ 1 . Finally, we also consider the ratio
e , where R 2 e is average squared end-to-end distance. Results are reported in Table III . The L-dependence is tiny and significantly smaller than that observed for lattice self-avoiding walks (SAWs) [78] [79] [80] , for which scaling corrections are large. Extrapolations give results that are consistent with the extrapolated SAW results. As a final check we have also computed the effective two-body and three-body center-of-mass effective potentials [29, 76] , see Figs. 5 and 6. The results for the two-body potentials can be compared with those obtained for SAWs (extrapolations of results for chains of length up to L = 4000) [29, 69] , and with the ones [77] obtained by using the lattice Domb-Joyce model [75] . We observe perfect agreement, already for chains of L = 250 monomers. The same holds for the three-body potential on equilateral configurations.
V. COMPARISON WITH OTHER POPULAR CONTINUUM MODELS
In the analysis of the behavior of polymer solutions, two other models are commonly used, the tangent-hard sphere model (THSM) [10, 11] , and the Kremer-Grest (KG) model [12] . As we shall show, these models exhibit very large finite-length corrections, so values of L of the order of 10 3 are required to obtain results that differ from the asymptotic ones by less than 10%. Both models can be generalized. By tuning a single parameter that plays the same role as the thickness d, one can define optimal models that show GS behavior for small values of L. Moreover, also these generalized models can be used to describe the thermal crossover. However, because different bonds can cross each other, they cannot be easily employed to study the polymer dynamics or topological properties. 
and
In the generalization of the KG model, bonded monomers interact with potential
where r = |r i − r i+1 |. Parameters b , F and b 0 are chosen as in [12] : β b = 4, β F = 15, b 0 /σ = 1.5. This choice guarantees that the typical bond length b is approximately σ (simulations indicate that b ≈ 0.97σ for an isolated chain for all different nonbonded interactions we have considered). For nonbonded monomers we consider instead
with the same σ, but with a different nb . The usual KG interaction is obtained for nb = b . The THSM and the standard KG models show significant finite-length corrections, as it can be seen in Fig. 8 , where we report A 2 as a function of L. The data clearly approach the asymptotic value [26, 27] A 2,GS ≈ 5.50. More quantitatively, if we fit the KG data at β nb = 4 to a + b/L ∆ + c/L, with ∆ = 0.528, we obtain a = 5.498 (15) , in perfect agreement with the lattice result. However, in these models A 2 approaches the limiting value quite slowly: the relative difference A 2 /A 2,GS − 1 is less than 10% only for L ∼ > 10 3 . Similar results are obtained for the THSM [27] . Note that, for a given value of L, the two models give very close estimates of A 2 . This can be rationalized by using the Barker-Henderson [82] mapping of the KG model onto the THSM. In this approach the KG model is equivalent to the generalization of the THSM with b ≈ 0.97σ and hard-sphere diameter
For β nb = 4 we obtain d BH = 1.01σ ≈ 1.04b. The bond length and the hard-sphere diameter are approximately the same, so the KG model is essentially equivalenty to the THSM. As A 2 (L) in both models is larger than A 2,GS , an optimal model is obtained by reducing the strength of the nonbonding potential, i.e., by increasing b/d or decreasing β nb . This analysis will be presented below.
B. Generalized hard-sphere model
We consider first the hard-sphere model, repeating the analysis presented in Sec. IV. Simulations show different regimes, see the top panel of Fig. 9 , which are completely analogous to those observed for spherocylinders. 
3 is the adimensional monomer-monomer second-virial coefficient. The constant a HS is again fitted so as to reproduce the data for small values of z. Using data obtained from simulations of chains with L = 1000, we obtain a HS = 0.669 (2) . As in the spherocylinder case, the TPM curves describe quite well the crossover up to A 2 ≈ 5, see Fig. 9 , while larger discrepancies are observed for larger values. We also perform a detailed check for a few selected values of z. The results, shown in Table IV , confirm the identification of the z variable. In all cases, the extrapolated (large-L) results are consistent with the TPM predictions.
We also determined the optimal model for which there are no leading finite-length corrections. TABLE V: Second-virial combination A2, asphericity A sph , ratios L3,1 and L2,1 between the eigenvalues of the gyration tensor, and ratio Age, for the optimal hard-sphere model with d/b = 0.433 and several values of L. The extrapolated value of A2 is taken from [27] , those for the shape factors are extrapolations of the results of [79] , while the estimate of Age is taken from [50] . This result compares well with the estimate d * /b ≈ 0.447 of [25] . As we have already mentioned, in the optimal model any observable should not present scaling corrections decaying as L −∆ , guaranteeing a faster convergence to the infinite-length limit. To verify this cancellation, we consider again the shape factors. Results for the hard-sphere model are reported in Table V . They should be compared with those appearing in Table III for the spherocylinder model. Also in the hard-sphere case do we observe a fast convergence (discrepancies are well explained by corrections decaying as 1/L). As for the next-to-leading corrections, the optimal spherocylinder model performs better than the hard-sphere one. ]. The column L = ∞ gives the estimates of A2,GS obtained by fitting the data to A2,GS + a/L ∆ + b/L ∆ 2 , fixing ∆ = 0.528 and ∆2 = 1 (errors, in parentheses, take into account the uncertainty on these two exponents). 
C. Generalized Kremer-Grest model
The same analysis can be performed in the KG case. We first determine the optimal model, considering several values of nb in the range 10 −5 ≤ β nb ≤ 10 −3 and values of L in the range 100 ≤ L ≤ 4000. The results are reported in Table VI and shown in Fig. 11 . In the limit L → ∞ all data converge to the same value, in agreement with universality. However, for finite L, deviations are typically large, except when β nb is approximately 10 −5 . Repeating the analysis presented for the spherocylinder model, we obtain the optimal value, see Fig. 11 ,
where the error (in parentheses) takes also into account the uncertainties on A 2,GS , ∆, and ∆ 2 . It is interesting to compare this result with the one for the hard-sphere model using the Barker-Henderson mapping. As β * nb is very small, we can use the asymptotic behavior d BH /σ ≈ (β nb ) 1/12 Γ(11/12) ≈ 1.056(β nb ) 1/12 (see Appendix for the derivation). For the optimal model we obtain d BH ≈ 0.416σ ≈ 0.43b, which is the value obtained above for the hard-sphere model.
The behavior of the generalized KG model for nb < * nb is again expected to be described by the TPM provided we define
Since we will be interested in values of nb smaller than * nb , we can replace the previous expression with its asymptotic
To compute a KG , we take advantage of the Barker-Henderson mapping. Since we expect z to be approximately equal to a HS v HS (d BH /b)L 1/2 , comparing the two expressions and using b/σ ≈ 0.97, we obtain a KG ≈ 0.70. Therefore, we can simply define
To verify this prediction, we have performed simulations for β nb = 8·10 −13 . Using the TPM expression (5) we predict A 2 ≈ 0.96 for this value of the nonbonding parameter. Simulations for L = 1000 give A 2 = 0.992(3), in reasonable agreement.
VI. CONCLUSIONS
One of the basic tenets of the theory of polymer solutions is the concept of universality [2, 3, 5, 6] . The thermodynamic behavior and large-scale structure of these typical soft-matter systems can be described in a wide concentration range (the so-called dilute and semi-dilute regimes) by using a limited number of microscopic variables that depend on the specificities of the experimental system. Because of universality, theoretical predictions can be obtained by using simplified models, in which only a few of the properties of the original system are retained. Lattice self-avoiding walks have been extensively used and so have several continuum models, like the THSM and the KG model [10] [11] [12] . Although they all have the same behavior for long polymers, for chains of a few hundred monomers (this is the typical number in finite-density simulations) they give predictions that significantly differ from the asymptotic value. For instance, for L = 100 the THSM and the KG model overestimate A 2 (or the equivalent interpenetration ratio Ψ) by 30%, while the self-avoiding walk is only slightly more accurate, with a discrepancy of 12%. Even worse, discrepancies increase as one enters the semidilute regime. For instance, if Z = βP/ρ p (P is the pressure and ρ p the polymer number density) is the compressibility factor, [83] reports Z ≈ 100 for a polymer packing fraction φ p = 10 if one uses the THSM with L = 100. This is a factor of three larger than the result Z ≈ 34 obtained by using an equation of state appropriate for very long good-solvent polymers [84] . It is therefore clear that in the semidilute region the THSM with such a number of monomers is far from the universality regime, and hence its predictions do not agree with what would be obtained in a different model or in an experimental system.
To overcome these problems, one can consider optimal models in which the approach to the universal limit is faster. The Domb-Joyce model [75] is a simple generalization of the more common self-avoiding walk model, that allows one to obtain asymptotic results for small monomer numbers by appropriately choosing the value of the energy penalty [24, [26] [27] [28] . There are, however, situations, in which a lattice model or a model in which self-intersections are allowed is not convenient. For instance, one cannot study solid phases (this is of interest for high-functionality star polymers [85] ) nor use it in all those contexts in which concatenation and topology are important.
In this paper we consider two continuum polymers models, which are simple generalizations of the THSM and of the KG model. By an appropriate choice of a single parameter, we obtain improved models which show a fast convergence. They can be conveniently used to study thermodynamics and phase diagrams, but, since in both cases bonds can cross, they are not appropriate for dynamical or topological studies. is, the largest the number L of monomers has to be in order to observe the universal asymptotic behavior. In the opposite regime we observe a crossover between ideal (d/b ≈ 0) and good-solvent behavior, which can be described by using the two-parameter model [5, 6, 62, 63] , which parametrizes the temperature dependence in the vicinity of the θ point.
It is important to stress that, although we have determined the optimal interaction by considering linear chains, the optimal models show a fast convergence to the asymptotic limit for any polymer topology. For instance, the optimal Domb-Joyce model determined by considering linear chains [26] [27] [28] is also optimal when applied to star polymers, see the extensive analysis presented in [49] . Therefore, the results apply to any type of highly functionalized branched polymers. It is also interesting to investigate the behavior of cyclic chains. Renormalization-group arguments guarantee the optimality of the models as long as no constraint on the polymer topology is imposed, i.e., if one averages over all cyclic chains, independently of the knot type. If one considers instead polymers of fixed knot type, the behavior is less clear, as new corrections might appear. It must be noted, however, that all numerical simulations, see, e.g., [86] , indicate the presence of finite-size corrections decaying as L −∆ k , with ∆ k ≈ 0.5 for all knot types. These results suggest that ∆ k coincides with the standard exponent ∆, so that the corrections observed at fixed knot type are associated with the renormalization-group operator that controls the approach to the universal limit in any polymer model. If this is the case, the model with optimal interaction should be optimal also for chains of fixed knot type. This issue is presently under investigation.
Finally, it is tempting to use our results for thick self-avoiding chains to get some physical insight on the behavior of double-stranded DNA filaments. In particular, we can address the question under which conditions DNA can be considered as a model good-solvent polymer. The ratio d/b can be effectively changed by varying the ionic strength I of the solution. Using the results of [52, 53, 87] and assuming that the effective diameter d scales as 1/ √ I, in analogy with the behavior of the Debye length that sets the scale for the electrostatic interactions, we obtain d = d 0 / √ I, where d 0 = 1.6-1.9 nm·M 1/2 for a monovalent salt (Na + for instance). For the Kuhn length K several results are available in the literature, [92] which all predict K of the order of 100 nm for I varying between 1 mM and 200 mM. We assume that our model provides a realistic description of DNA provided that b is identified with K . Therefore, we predict that good-solvent behavior for relatively small values of L should be observed for d/ K ≈ 0.27. Using the results reported above, we can correspondingly obtain the optimal ionic strengh: I = 3-6 mM for a monovalent salt. The corresponding Kuhn length is K = 90-110 nm, i.e., approximately 300 base pairs. Therefore, for values of I in the optimal range, one should be able to observe good-solvent behavior by using DNA of 30000 base pairs.
The optimal value of I is, however, well below physiological conditions (I ∼ 100-200 mM). If we take I = 150 mM, we predict d/ K ≈ 0.05. Also in this regime we can predict theoretically the observed behavior, as long as the DNA filaments are significantly longer than the Kuhn length. We can indeed use the wealth of results available for the TPM [5, 6, [62] [63] [64] . The only external input is the model-dependent constant a entering the definition of the TPM variable z.
If we assume that our model provides a reasonable description of DNA, we predict z ≈ z 0 L 1/2 , where z 0 ≈ 0.03-0.04, and L is the ratio between the length of the filament and the Kuhn length. Note that, for such small values of d/b, scaling corrections are large (see Fig. 2 for instance) and good-solvent behavior may be unattainable in practice, in agreement with the conclusions of [9] . Indeed, as good-solvent behavior is (very roughly) observed for z ∼ > 5 (see the supplementary material of [68] ), DNA is close to the universal asymptotic regime only for L ∼ > 20000-30000, i.e., when the filament has at least 10 6 base pairs.
G.D. thanks C. Micheletti and C. Pierleoni for fruitful discussions.
Appendix A: Computation of integrals for the generalized Kremer-Grest model
In Section V C we use the asymptotic expansion of some integrals involving the Kremer-Grest potential. The general integral we consider is
where −1 < s < 5, a is a positive finite number and b is a second constant. We wish to compute the expansion of this integral for α → 0. First, we rewrite the integral as 
The first term is obviously of order α. In the second term, for s < 5 we can expand the exponential to first order in α, proving that this contribution is of order α, too. Therefore, we obtain 
where, in the last line, we have explicitly reported the order of the neglected terms.
